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ABSTRACT 
This paper concerns with the problem of obtaining non zero distinct integer solutions to the homogeneous ternary cubic equation 

233 )(52 zyxyx  .  Also, formulae for generating sequence of integer solutions based on the given solution are presented. 
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INTRODUCTION 
The theory of Diophantine equations in multidegree with multivariables offers a rich variety of interesting  and fascinating 

problems[1-4]. One may refer [5-22] for cubic equation with three variables. It is observed that in [22]the authors have presented 

some patterns of integer solutions to the ternary cubic equation
233 )(52 zyxyx  . It is noted that the above equation has 

other choices of non-zero distinct integer solutions. 

Thus, in this paper, the other choices of non-zero distinct integer solutions to the above ternary cubic equation are obtained. Also, 

formulas for generating sequence of integer solutions based on the given solution are presented. 

 

METHODS  OF ANALYSIS 
The homogeneous ternary cubic equation under consideration is  

233 )(52 zyxyx         (1) 

To start with , it is observed that (1) is satisfied by the triples 

(x,,y,z) = (16,12, )2 ,(6,-2,  1),(16,4,  2),(48,36,  6). 

However, we have other sets of nonzero distinct integer solutions to (1) which are illustrated below. 

Introduction of the linear transformations 

x=2(u+v),y=2(u-v)                                                                                                                                        (2) 

http://www.eprajournals.com/


                                                                                                                                       ISSN (Online): 2455-3662 

             EPRA International Journal of Multidisciplinary Research (IJMR) - Peer Reviewed Journal 
                  Volume: 8| Issue: 2| February 2022|| Journal DOI: 10.36713/epra2013 || SJIF Impact Factor 2021: 8.047 || ISI Value: 1.188 

  
 

 
                                                       2022 EPRA IJMR    |     www.eprajournals.com   |    Journal DOI URL: https://doi.org/10.36713/epra2013 

 
267 

in (1) , it is written as 

)3(133 222 zvu       

The above equation is solved through different method for obtaining the values of 

u,v,z. Substituting the values of u,v in (2) the corresponding values of x and y satisfying (1) are 

found.                                                                                                                   

We present below different methods of solving (3) and in view of (2), one obtains different sets of integer solutions to (1). 

Set 1 : 

              

 Assume z as 

            z =   
22 3ba                                                                                                                                (4) 

Write 13 on the R.H.S. of (3) as 

13 = )321)(321( ii 
    (5)

                                                                                                 

 

Using (4) & (5) in (3) and employing the method of factorization, consider 

  233213 biaiviu   

After Equating the real and imaginary terms  on both sides , it is seen that 

u = abba 123 22   

v= abba 262 22 
                                                                                                 

 

Using  in (2), one has

 

x= )1093(2 22 abba                                          (6) 

y= 2 )143( 22 abba   

Note : 1 

In addition to (5),  the integer 13 on the R.H.S. of (3) is written as 

13= 
  

4

3737 ii 
        or 

13 = 
  

4

335335 ii 
 

Following the above procedure ,one may obtain different set of integer solutions to (1). 
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Set 2 : 

(3) is written as 

)7(1313 2222  uvzu  

 Assume u as 

 u=
22 313 ba                                                                                                         (8) 

Write 1 on the R.H.S. of (7) as 

 1=   32133213                                                                                   (9) 

Using (8) and (9) in (7) and employing the method of factorisation, consider 

 
  23133213313 bavz 

                                                           (10) 

Equating the corresponding parts, one has
 

z= abba 12313 22  , v= abba 26626 22   

Therefore, in view of (2), the corresponding integer solutions to (1) are given by 

 x= 2 )26339( 22 abba  , y= 2(-13 )269 22 abba   

Note : 2 

In addition to (9), the integer 1 on the R.H.S. of (7) is written as 

1= 
  

49

31323132 
 or 

1= 
  

25

3313233132 
 

Following the above procedure, one may obtain different set of integer solutions to (1). 

Set 3: 

(3) is written as 
  

222 133 uzv 
                                                                                                           

(11) 

Assume v as 

v= 
2213 ba                                                                                                                 (12) 

Write the integer 3 on the L.H.S. of (11) as 

http://www.eprajournals.com/
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3 =   71327132 
                                                                                                                (13) 

Using (12), (13) in (11) and employing the method of factorisation, consider

 

   )14(13713213
2

bauz 
 

Equating the rational and irrational parts,

 

z= abba 14226 22   

u= abba 52791 22   

In view of (2), the corresponding integer solutions to (1) are given by 

x= 2  abba 526104 22   

y= 2  abba 52878 22   

Note : 3 

In addition to (13), the integer 3 on the L.H.S. of (11) is written as 

  
9

51325132
3




 

Following the above procedure, one may obtain different set of integer solution to (1). 

 

GENERATION OF SOLUTIONS 

Different formulas for generating sequence of integer solutions based on the given solutions are presented below: 

Let  000 ,, zvu be any given solutions to (3) 

Formula 1: 

Let  111 ,, zvu given by 

010101 2,2,2 zzvhvuhu                                                                                  (15) 

be the second solution to (1). Using (15) in (1)  and simplifying, one obtains 

h= 00 3vu   

In view of (17), the values of 11 vandu  are written in the matrix form as 

   tt
vuMvu 0011 ,,   
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where  

M= 








11

31
 

and t is the transpose. 

The repetition of the above process leads to the 
thn solutions nn vu ,  given by 

   tnt

nn vuMvu 00 ,,   

If  , are the distinct eigen values of M, then 

2,2    

We know that 

 
    MatrixIdentityIIMIMM

nn
n 22, 





 









 

Thus , the general formulas for integer solutions to (1) are given by 

02 zz n

n  ,  

  















 








 


4

26

4

22
22 00

nnnn

nnn vuvux


 

 002)(2 vuvuy nn

nnn  

 
Formula 2: 

Let  111 ,, zvu given by 

010101 ,2, zhzhvvuu                                                                                  (16) 

be the second solution to (1). Using (18) in (1)  and simplifying, one obtains 

h= 00 2612 zv   

In view of (17), the values of 11 zandv  are written in the matrix form as 

   tt
zvMzv 0011 ,,   

where  

M= 








5124

5225
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and t is the transpose. 

The repetition of the above process leads to the 
thn solutions nn zv ,  given by 

   tnt

nn zvMzv 00 ,,   

If  , are the distinct eigen values of M, then 

141738,141738    

We know that 

 
    MatrixIdentityIIMIMM

nn
n 22, 





 









 

Thus , the general formulas for integer solutions to (1) are given by 

0uun 

 

    00
1417

26

14172

13

2
zvv nn

nnnn

n 









 





 

   
00

14172

13

21417

12
zvz

nnnn
nn

n







 








 

 

 nnn vux 2
 

 nnn vuy 2
 

Formula 3: 

Let  111 ,, zvu given by 

hzzvvuhu  010101 3,3,34                                                                         (17) 

be the second solution to (1). Using (19) in (1)  and simplifying, one obtains 

h= 00 268 zu   

In view of (17), the values of 11 zandu  are written in the matrix form as 

   tt
zuMzu 0011 ,,   
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where  

M= 








298

10429
 

and t is the transpose. 

The repetition of the above process leads to the 
thn solutions nn zu ,  given by 

   tnt

nn zuMzu 00 ,,   

If  , are the distinct eigen values of M, then 

13829,13892    

We know that 

 
    MatrixIdentityIIMIMM

nn
n 22, 





 









 

Thus , the general formulas for integer solutions to (1) are given by  

 

  






 









 


2132

1

2

13

2

00

00

nn
nn

n

nn
nn

n

zuz

zuu







 

 

 nnn vux 2
 

 nnn vuy 2
 

CONCLUSION 

In this paper, an attempt has been made to obtain non-zero distinct integer solutions to the ternary quadratic Diophantine equation
 

233 )(52 zyxyx  representing homogeneous cone. As there are varieties of cones, the readers may search for other forms 

of cones to obtain integer solutions for the corresponding cones. 
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